Bending Moment-Shear Force Interaction Domains
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Abstract: The performance of a prestressed concrete beam, subjected to bending moment M together with shear force V, has been the
object of many studies and is an important aspect to take into account in the design. Some models, proposed by researchers and
international codes, evaluate the shear strength of prestressed beams by modifying the truss model by Morsch, so as to account for the
different slope of stress fields in the web due to the prestressing action. More recent approaches add a strut-and-tie model to the traditional
truss model. This paper generalizes a model that was previously proposed for box and I-shaped reinforced concrete cross sections of
structural elements. The model, that now includes the effect of prestressing tendons, considers variable-depth stress fields applied to the
cross section, subdivided into layers, and allows evaluation of normalized m—v design domains depending both on the web and flange
reinforcement and on the slope of the prestressing steel tendons. The reliability of the method has been validated by comparing its
numerical results to the strength provided by tests on reinforced concrete beams and on thin-webbed prestressed concrete beams, referred
to in the literature. Finally, it has been used in the design of a pretensioned bridge beam to evaluate the additional reinforcement necessary
in the flanges, as a function of the reinforcement provided to the web.
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Introduction

The large majority of codes propose different models for rein-
forced concrete structures and for prestressed elements (ACI
Committee 318 1983; EC2 1996). In the case of reinforced con-
crete elements, the shear strength in the presence of axial force
has been discussed by many authors, both referring to rectangular
cross sections (Mattock 1969; Haddadin et al. 1971 Puleri et al.
1991; Fanti and Mancini 1995 Puleri and Russo 1997; Mancini
and Recupero 2000; ; ) and to T- or I-shaped cross sections (Re-
cupero et al. 2003). Some of them proposed design formulations
based on experimental results. Other researchers, starting from
the stress fields approach by Bach et al. (1978), tried to obtain a
more general model able to account for the simultaneous presence
of different internal actions.

Different models have been proposed to evaluate shear-
prestressing interaction (Schlaich et al. 1987; CEB-FIP 1993;
Fanti and Mancini 1994; Fanti et al. 1995; Collins et al. 1996),
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once again obtaining design formulations by experimental results,
or accounting for the prestressing tendons by adding a strut-and-
tie model to the traditional truss model by Ritter and Morsch.

The analytical model here proposed is the generalization of a
previously proposed model for the the axial force-bending
moment-shear force (N-M-V) interaction, based on the stress
fields approach, which now includes the effect of prestressing
tendons, thus providing a unified approach for reinforced concrete
and prestressed concrete elements. The reliability of the model
has been validated by comparing its numerical results both to
experimental results already analyzed for reinforced concrete
beams and to the strength values obtained by means of failure
tests performed on thin-webbed prestressed concrete beams, re-
ported by Tan and Ng (1998). Finally, it has been used in the
design of a pretensioned bridge beam, so as to show how it allows
the evaluation of the additional reinforcement necessary in top
and bottom flanges, in function of the longitudinal reinforcement
provided to the web.

Analytical Model

The actual distribution of axial and shear stress in a beam, close
to collapse, cannot be easily foreseen, because of the strong cor-
relation between flexural and shear failure. Nevertheless, the
physical evidence given by deformations and cracks suggests the
use of a simplified layered model, in which the flanges and the
outmost portion of the web resist only to axial stresses, while the
central portion of the web is subjected also to shear stresses (Figs.
1 and 2). The ultimate resistance of a prestressed beam may thus
be evaluated using a five-layer model, in which concrete and steel
contributions are evaluated assuming that:
e The concrete flanges and the top and bottom portions of the
web (having z; and z, depth, respectively) are subjected to
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Top Flange

Bottom Flange

Fig. 1. Layered model of the structural element

uniform compressive stress fields, acting along the longitudi-

nal direction (no tensile contribution of concrete at collapse is

considered);

* The central portion of the web (having z; depth) is subjected to
a uniform compressive stress field, acting with an angle of ¥
degrees to the longitudinal direction; this angle may vary dur-
ing the loading process, because of the actions transmitted
along the shear cracks; and

e The longitudinal reinforcements of the beam (located in the
flanges and in the web) and the transverse reinforcements in
the web give rise to stress fields, which are assumed to be
uniformly distributed.

Consequently, the axial stresses oy, 0g, 0,1, 0,, in the flanges
and in the outermost portions of the web account for the contri-
bution of the compressed concrete and of the longitudinal rein-
forcements. The axial and shear stresses o,;, T in the central
portion of the web are equivalent to the stress fields of the in-
clined strut and of the web transverse and longitudinal reinforce-
ments.

The failure of the structural element may occur either by con-
crete crushing or by reinforcements yielding. Using the design
values given by CEB-FIP (1993) for steel yielding f,, and for
concrete compression strength f.;, and f.,, the following condi-
tions are obtained:
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Fig. 2. Internal actions, prestressing forces, and stress distribution in
the layers

e In the top and bottom flange layers:

= (fear + Pafyd) < 04 < ppfya (1a)
= (fear + Pofya) < Opp =< Pufya (1b)
¢ In the outermost web layers:
= (fear + pwlfyd) < 01 = Puifya (2a)
= (fear + Pifyd) < 042 < Poifya (2b)

e In the central web layer:

- (Gw3 + pwlfyd)tan Is1= (_ O3+ pw[fyd)tan 0 (3(1)

TS pwnfyd cot ¥ (3b)

T=<f,psindcosV (3¢)

Furthermore, each prestressing tendon is subjected to an axial
force, acting with an angle of a degrees to the longitudinal direc-
tion, which is taken into account separately from the aforemen-
tioned stress fields. The stress in the ith tendon is limited by the
condition:

O-pi = fpd (4)

The resultants of axial and shear stress, plus the effect of the
forces acting on the prestressing tendons, provide the resisting
internal actions of the cross section, bending moment M, and
shear force Vg, (while axial force N, is null):

Mpy= f oydS + 2 ALY pi0 i COS ;= O'flf vdS + lef ydS
s s

np St wl
+ 0'w2f de + ()'W:;f de + U/Qf de
Swa Sw3 St
+2 ALY pi0 i COS Q; (5a)

p

VRd=f TdS+EA O sznoc—wazg+2Ap,0' sin o;
s

n

w3 4 p

(5b)

Ngy= f adS+ D, Ay,
S

i COS o; = o-flet + O-WISWI + O-WZSWZ
n

D

+0'W'§Sw'§+0-bef2+2Apl0- cos a; =0 (5¢)

n,
In the previous equations, the terms related to the areas S,,;, S,2,
and S,; depend on the depth of the web layers z;, z,, and z3,
which may vary according to the following geometrical and static
conditions:

;=0 (6a)
=0 (60)
L+ +z=h, (6¢)
23 = Z3min (6d)

In particular, Eq. (6d) states that the central web layer depth must
be sufficient to bear shear stresses; its minimum value z3.;,,
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which depends on concrete strength f.;,, and on transverse web
reinforcement mechanical ratio w,,, is given by:

1%
Zamin = — if w,, < 0.5 (7a)
fcd2wa wwt(l - wwt)
2V
Gmin= 7 if 0, > 0.5 (7b)
frd2bw

It is obvious that the web depth %, must be greater than zz.;,,
otherwise shear equilibrium could not be satisfied.

Bending Moment-Shear Force Interaction Domains

The conditions of the previous section, managed according to
nonlinear programming procedures, allow attainment of resis-
tance domains of the cross section, for given web and flange
reinforcements. Having defined the prestressing reinforcement
ratio p, and the longitudinal and transverse web reinforcement
ratios p,,; and p,,;, the bending moment—shear force—flange rein-
forcement mechanical ratio (Mg,~Vg,p; interaction domains)
may be determined according to the following steps:

1. Assign a pair of Mgy, Vi, values;

2. Evaluate the minimum web depth z3.;, by Eq. (7); if Z3min

> h,,, it is not possible to proceed, because the whole web is

not able to withstand shear stresses; a different My,, Vg, pair
has to be considered;

Assign trial values of z,, z,, and z3, satisfying Eq. (6);

Evaluate the shear stress 7 by Eq. (5b);

5. Assign a trial value of angle ¥ in the range defined by Eqgs.
(3b) and (3¢);

6. Assign trial values of o, 0,,,, and 0,5 in the ranges defined
by Egs. (2a), (2b), and (3a) respectively;

7. Assign trial values of o, satisfying condition 4);

Evaluate o, and o, by Eqgs. (5a) and (5c¢);

9. Evaluate the longitudinal top and bottom flange reinforce-
ment ratios py, and ps, by Eq. (1) and the subsequent values
of A;, and Ap,; if necessary, increase them to fulfill other
requirements, e.g., to obtain a given ratio of the longitudinal
reinforcements of the top and bottom flange;

s »

®

180 cm
16 cm I | 'f | f.e=30 MPa
Are Ye=1.6
f,4= 500 MPa
/4= 1800 MPa
200 cm i 140 cm
\—' — tan a = 0.10
o,=0.25
Oy = 0.1
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20cm I | 4 4,
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Fig. 3. I-shaped cross section of the bridge prestressed concrete
beam

0.35

0.40

Fig. 4. m—v—w interaction domain for w,,=0.3

10. Repeat Steps 3 to 9, so as to minimize the total flange rein-
forcements, thus obtaining the value of p, corresponding to
the couple Mp,, Vi, and

11. Repeat the whole procedure for different couples of Mg, Vizy
values, so as to obtain the whole Mg;~Vg,~p, interaction
domains.

More commonly, the interaction domains are plotted as normal-
ized m—v—w, domains. These domains are a powerful and useful
design tool both in the preliminary design, to accomplish the cor-
rect design of the cross section and, in the final control, to maxi-
mize the strength of the structural element. It is interesting to note
that by imposing A,=0, the procedure is applicable also to rein-
forced concrete beams.

In order to point out the performance of the method and to
discuss the influence of bending moment—shear force interaction,
a set of interaction domains for an I-shaped prestressed beam are
presented here. The geometrical and mechanical characteristics of
the concrete and steel components of the beam are shown in Fig.
3. Three-dimensional interaction domains obtained for w,,=0.3

Fig. 5. m—v—w interaction domain for w,,=0.5
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Fig. 7. T-shaped cross section and static scheme of the tested posttensioned beams
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Table 1. Numerical over Experimental Ratios

B, B,
Beam 11 0.695 0.775
Beam 213 0.685 0.765
Beam 313 0.620 0.690
Beam 41 0.600 0.665
Beam 513 0.650 0.720
Beam 6'° 0.655 0.730
Beam 71 0.720 0.800
Beam 813 0.845 0.940
Beam 913 0.650 0.725
BQ6Y 0.695 0.810
BQ7Y 0.680 0.795
BQI2P 0.605 0.605
BQI5P 0.720 0.850
BQI6Y 0.605 0.605
BQI7P 0.605 0.680
BQI8Y 0.615 0.715
BQI9P 0.665 0.780
ST-110 0.800 0.810
ST-210 0.845 0.855
ST-2C10 0.855 0.860
ST-2C+'0 0.845 1.010
ST-2S10 0.655 0.670
ST-2P!° 0.765 0.770
ST-310 0.930 0.930
Mean value | 0.709 0.773
G 0.097 0.102

and 0.5 are shown in Figs. 4 and 5 respectively; in both cases, the
slope of the tendon is tan a=0.10.

Bidimensional interaction domains may be obtained as level
curves of the limit surface in the m—v—w, space. Such diagrams

is a strong relation between bending moment and shear force,
which cannot be neglected in design. The contribution of the pre-
stressing tendons to the shear strength can also be observed in
these figures. Higher shear strength is achieved with a higher
inclination angle of the tendons (a) as observed by comparing the
curves in the second and third rows (tan «=0.05,tan a=0.10)
with those in the first row (tan «=0.0). It is finally evident that the
increase in the transverse web reinforcement mechanical ratio w,,,
allows a reduction of the longitudinal flange reinforcement me-
chanical ratio w; The domains thus give a clear view of the
different possibilities in the arrangement of longitudinal trans-
verse reinforcement in the cross section.

Comparison with Test Results

The reliability of the proposed model has been validated by com-
paring its numerical results to the strength values obtained by
means of failure tests performed on thin-webbed prestressed con-
crete beams, reported in the literature (Tan and Ng 1998). The
specimens, having a length ranging from 1,200 to 3,000 mm and
a cross section depth of 300 mm, were externally prestressed by
means of straight tendons (Fig. 7). Their T-shaped cross section
was designed to fail in shear by crushing of the web concrete,
after the stirrups yielded. Further details may be found in the
original paper (Tan and Ng 1998).

The comparison has been carried on using a procedure already
adopted by the writers in a previous paper (Recupero et al. 2003).
In the proposed model, the concrete strength for uniaxial longitu-
dinal stresses f.;; have been evaluated neglecting the reduction
coefficient 0.85 for long time actions and, for stresses in presence
of transverse load f,,, the effectiveness shear factor is fixed as
0.70=0.60/0.85 instead of 0.60 (because the tests were con-
ducted in a short time), and the partial safety factor for concrete
v.=1 (because the comparison is carried on with failure tests).
Thus, it has been assumed

are plotted in Fig. 6, for ,,,=0.3 and 0.5 and for tan a=0, 0.05, Fon = <1 _ fek )f
and 0.10. They clearly show that also in prestressed beams, there cdl 250 )/
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Fig. 8. Numerical over experimental values, plotted versus concrete strength for hypothesis B
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Fig. 9. Numerical over experimental values, plotted versus concrete strength for hypothesis B,

In order to achieve better correlation with the experimental data,

fear= 0-70<

250

For with ordinary longitudinal steel reinforcements (Recupero et al.
- _>f ck 2003). The mean value |i and the variance ¢ of these ratios give
a probabilistic description of the results, assuming a Gaussian
distribution and considering geometrical dimensions, loads and

two different values for the depth of the web have been consid-

ered in the numerical model:

1. In the first case (B,), it has been considered equal to the net
depth of the web; and

2. In the second one (B,), it has been assumed extended to the

position of the longitudinal steel reinforcements of the bot- the characteristic value [i+36. The results show that the nu-
tom flange. merical model gives a lower bound solution and confirm its ad-
The ratios of the ultimate force values, numerically obtained by equate reliability for all the values of concrete strength.

the proposed approach, over those given in the experiments are
listed in Table 1. The table also includes the values for beams

mechanical characteristics as deterministic values.

In Figs. 8 and 9, the ratios of numerical over experimental
strength are plotted versus the concrete strength together with
lines defining the mean value, plus 1,2,3 times the variance, up to

1800
[eod
180
- [ 2000
Apl ——-¢
Ap2 -4
Ap3——+t + I 300
D ——
Dimensions in mm 700

Fig. 10. Actual cross section of the beam and simplified model used in the design
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Table 2. Number, Position, Type, and Area of the Prestressing Steel
Tendons

Debonding
Distance from the
from Prestressing beam
the bottom Type Area level ends
Strand Number (mm) (in.) (mm?®) (MPa) (mm)
T1 2 50 0.6 139 1,419 850
T1 2 50 0.6 139 1,419 500
T1 2 50 0.6 139 1,419 400
T1 4 50 0.6 139 1,419 200
T2 2 100 0.6 139 1,419 500
T2 2 100 0.6 139 1,419 300
T2 4 100 0.6 139 1,419 200
T2 2 100 0.6 139 1,419 200
T3 10 150 0.6 139 1,419 —
T4 2 400 0.6 139 1,419 —
T5 2 450 0.6 139 1,419 —
T6 2 500 0.6 139 1,419 —
T7 2 650 0.6 139 1,419 —

Design Procedure for a Bridge Prestressed
Concrete Beam

Aiming at illustrating the effectiveness of the proposed approach,
it has been used in the design of a pretensioned bridge beam.
Such a typology has been selected because two reasons make it
particularly sensitive to the M-V interaction: The use of bare
strands, without any duct, allows a reduction of web width, with
subsequent increase of shear stresses; the straightness of the steel
cables does not allow the reduction of the effective shear force,
usually provided by curvilinear posttensioned tendons.

Fig. 10 shows the cross section of the beam and the simplified
model used in the analysis. The number, distance from the bot-
tom, area, and debonding of the strands are described in Table 2.
The characteristic values of the compressive strength of the con-
crete are f,., =30 MPa for the slab and f.,=40 MPa for the beam.
The yield strength of the ordinary reinforcement and of the pre-
stressing steel are f), =430 MPa and f,,,=1670 MPa, respectively.
The design values of the strength have been calculated assuming
partial safety factors y.=1.6 and y,=1.15. The design was per-
formed by subdividing the beam in portions with a length shorter
than the depth. A longitudinal elevation of the beam and the lo-
cation of the reference points used in the analysis are shown in
Fig. 11. Tables 3 and 4 report the values of internal actions in the
design sections and the transverse web reinforcement assumed in
each section, respectively.

>K

806 1811 1811 S06

o R O A A O O O

e

1000 16 300

Dimensions in mm

Fig. 11. Static scheme of the pretensioned concrete beam

Table 3. Internal Actions at Assigned Sections

x Vsa Mg,

Section (m) (kN) (kKNm)

M 1.00 1,433.3 -44.0
L 1.91 1,353.6 1,217.9
I 3.72 1,194.4 3,525.3
H 5.53 1,035.1 5,544.2
G 7.34 875.9 7,274.7
F 10.15 716.6 8,716.8
E 10.96 557.4 9,870.5
D 12.77 398.1 10,735.8
C 14.58 238.9 11,312.6
B 16.39 79.6 11,601.0
A 17.30 0.0 11,637.1

The proposed procedure was used for evaluating the additional
longitudinal reinforcement necessary in each section, after having
assumed a tentative value of the longitudinal web reinforcement.
In order to point out the relation between flange and web longi-
tudinal reinforcement, five values of the latter have been used,
starting from a null value (although this is only a theoretical pos-
sibility, because a flange longitudinal reinforcement shall always
be used) up to 10¢12. The longitudinal flange reinforcements
necessary, evaluated assuming r=1, i.e., Af[=Aﬂ,, are shown in
Table 5.

It is evident that the longitudinal steel demand in the flanges
decreases as the web longitudinal reinforcement increases. Addi-
tional reinforcement is necessary at the ends, where the shear
force reaches the maximum.

Conclusions

This paper extends a model previously proposed for the evalua-
tion of M—N-V interaction of the box and I-shaped reinforced
concrete cross sections of structural elements to prestressed con-
crete elements. The M-V domains thus obtained point out the
mutual influence of bending moment and shear force and its de-
pendence on the value of transverse web reinforcement.

The comparison of the results given by the proposed approach
to the strength provided by tests described in the literature con-
firms that the numerical model gives a lower bound solution. The
model is particularly reliable when different concrete strengths,

Table 4. Transverse Web Reinforcement

X Diameter Spacing
Section (m) (mm) (mm)
M 1.00 b 10 100
L 1.91 b 10 125
I 3.72 b 10 150
H 5.53 b 10 150
G 7.34 é 10 200
F 10.15 b8 200
E 10.96 b8 200
D 12.77 b8 200
C 14.58 b6 200
B 16.39 b6 200
A 17.30 b6 200
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Table 5. Longitudinal Reinforcement in Flanges

Longitudinal web reinforcement (mm?)

Section 0 106 1048 10410 1012
M 2,496 2,320 2,206 2,062 1,891
L 906 762 649 505 334
I 0 0 0 0 0
H 0 0 0 0 0
G 0 0 0 0 0
F 0 0 0 0 0
E 0 0 0 0 0
D 0 0 0 0 0
C 0 0 0 0 0
B 0 0 0 0 0
A 0 0 0 0 0

fea1 for uniaxial longitudinal stresses and f,,, for stresses in pres-
ence of transverse load, are used together with the assumption
that the web is extended to the position of the longitudinal steel
reinforcements of the bottom flange. Its validity for reinforced
concrete members, as previously demonstrated, allow us to con-
clude that the proposed model is able to describe in an accurate
way, with a unified approach, both reinforced concrete and pre-
stressed concrete elements.

Notation

The following symbols are used in this paper:
Ay; = longitudinal reinforcement in flanges (j=1,b,
with 7=top and b=bottom);

AP=E,,pApi = total area of the tendons;
A,; = area of the ith tendon;
A,,; = longitudinal web reinforcement;
A,; = transverse web reinforcement;

S

» = web width;
fcdl =085(1 _fck/zso)(f(‘k/’Yc)
= design strength of concrete, for long period
uniaxial load (f,; in MPa);
Jear=0.60(1=f/250)(for/ )
= design strength of concrete, in presence of
transverse load (f,; in MPa);
fex = characteristic strength of concrete;
fra = design strength of steel prestressing tendons;
fya = design yield strength of ordinary steel
reinforcement;
H = depth of the whole cross section;
h,, = web depth;
m=M/SHf .4
= normalized bending moment;
Mg, = resisting bending moment;
Mg, = design bending moment;
Nrqs = resisting axial force;
n, = number of prestressing tendons;
r=As/Ap = geometrical ratio of longitudinal flange
reinforcements (/=top, b=bottom);
S = area of the whole cross section;
Sy = area of top or bottom flange (j=1,b, with
t=top and b=bottom);
area of web layers (i=1,2,3);
spacing of transverse web reinforcement;

|92
Il

)
Il

Vra = resisting shear force;
Vs, = design shear force;
v=V/ bwhwfch
= normalized shear force;
Ypi = position of the ith tendon;
z; = depth of the web layers (i=1,2,3);
Zamin — minimum depth of the central web layer;
o; = angle of the ith tendon on the longitudinal
direction;
v. = partial safety factor for concrete;
v, = partial safety factor for steel;
U = angle of compressive stress field on the
longitudinal direction;
p;=As/S; = longitudinal flange reinforcement ratio
(j=t,b, with r=top and b=bottom );
pp=A,/S = prestressing reinforcement ratio;
pwl=Awl/bwhw
= longitudinal web reinforcement ratio;
Puwi=Awl bys
= transverse web reinforcement ratio;

oy = axial stress in flange layers (j=1,b, with t=top
and b=bottom);

0, = axial stress in the ith tendon;

o,; = axial stress in web layers (i=1,2,3);

T = shear stress in the central web layer;
w=(An+Ap! S)(fyal fear)
= total longitudinal flange reinforcement
mechanical ratio;
("-)pz (Ap/S)(.fpd/del)
= prestressing reinforcement mechanical ratio;
W, = (Awl/bwhw) (fyd/fch)
= longitudinal web reinforcement mechanical
ratio; and
Wy = (Awt/bws)(fyd/fczﬁ)
= transverse web reinforcement mechanical
ratio.
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